
�®slst�¤ �A`�Att� :H�A��� 
Ab��

��¤d��

«wq�� �®slst� 1

, a rt��CA� Yl� dmt`� Tyqyq���  �d�±� �� �®slst� 
CAq� AnFC ��As�� 
Ab�� ¨�
.a ¨� T��d� Ah�wm�� TF�C Annkm§ Ty�CAq� �®slstm�� £@¡  wk� A�dn�

:Tl��� - 1-1

z�r�A� ¢� z�r§ Tlslstm�� £@¡ �wm�� ,
CAqt�
∑ 1

ks
Tlslstm��  �� s > 1  wk� A�dn� (1)

. �d�±� T§r\� ¨� ­d§d� �AqybW� Ah� T�� ¨¡¤ ζ(s)

.f(t) = 1/(1− t) w¡ Ah�wm��¤ | t | < 1 A�dn� 
CAqt�
∑

tk TyFdnh�� Tlslstm�� (2)

T�At� �km§ �¡ ,f(x) T�� An§d� 
�A� �Ð� :¨sk`�� �§rW�A� rys�� ¨� rkf�  � �km§
£@h� ?x Yl� dmt`� ¨t��  ¤d��� �� Ty�CAq� Tlslst� �wm�� ­Cw} Yl� T��d�� £@¡
,�®slstm��¤ �A`�Attm�� TF�C º�C¤ ���d�� ¨¡ Tqyq��� ¨� 
�A� T�A¡ �AqybW� ­rkf��
�� ��b�  � �km§ An��� Ah�wm�m� ¾Ab§rq� ¨W`� Tlslstml� Ty¶z��� �y�A�m��  � �y��
¾A�wyJ 	§rqt�� �rV r��� .Tlslst� �wm�m� Ahly�m� �§rV �� f(x) T��d� Tyb§rq� �y�
��ry��  ± ��Ð¤ , ¤d��� ��ry�� ��d�tFA� 	§rqt�� w¡ ¨qyq� ry�t� ¨� ��¤dl�
��ry�� �§r`� ¾¯¤� ��rtsn� .¨ky�Aky� �kK� Ah�wlF TF�C �km§ TWys� ��¤  ¤d���

:­ryhK�� 	§rqt�� �A§r\� {`�¤  ¤d���

T��d�� ,an 6= 0 �y�� Tyqyq�  �d�� a0, · · · , an �kt� :�§r`� - 2-1

p(x) = a0 + · · ·+ anx
n

T��d�� rbt`�  � ¢yl� �CA`tm�� ��¤ .n T�Cd�� ��  ¤d� ­ry�� Yms�
.−∞ T�Cd�� ��  ¤d� ­ry�� T§rfO��

�l� rhJ� �k� , ¤d��� ��ry�k� ��¤d�� 	§rq� �O� ¨t�� �A§r\n�� �� ry�k�� �An¡
:��Akt��¤ �RAft�� Crq� ¨� AhtF�C �bF ¨t�� Cwl§A� T§r\� ¨¡ �A§r\n��
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, ­r� n + 1 �AqtJ®� Tl�A� T�� f : [c− r, c + r] −→ R �kt� :T§r\� - 3-1

�y�� x, c �y� θx d�w§ x ∈]c− r, c + r[ ©±

f(x) = f(c) + f ′(c)(x− c) +
f”(c)

2!
(x− c)2 + · · ·+ f (n)(c)

n!
(x− c)n

+
f (n+1)(θx)

(n + 1)!
(x− c)n+1

 �� M  d`�A� ­ ¤d�� n + 1 Tb�r�� �� TqtKm�� 
�A� �Ð�¤
∣∣∣∣
f (n+1)(θx)

(n + 1)!
(x− c)n+1

∣∣∣∣ ≤ M
(2r)n+1

(n + 1)!

 ¤d� ­ry�� Ahyms�) ¤d� ­ry�� �wm�� A¡CAbt�A� f(x) T��d�� Cwl§A� T§r\� �O�
¨¡ (n T�Cd�� �� Cwl§A�

pn(x) =
n∑

k=0

f (k)(c)

k!
(x− c)k

.x Yl� dmt`§ ¯ ¨�Ab�� Tmyq� ¾A§wl� ¾�d� ¾AnyW`�¤ ,Rn(x) = f (n+1)(θx)
(n+1)! (x− c)n+1 ¨�A�¤

	§rq� Cwl§A�  ¤d� ­ry��  �� T§Afk�� ¢y� Am� ­ryb� n 
�A� �Ð� ¢��� �wq�� �km§¤
­CwO�� Yl� �®slstm� ��¤d�� 	§rq�  Ak��� �@¡ ¨�w§ .f(x) T��dl� dy�

∑
ak(x− c)k

Tlslstm�� , Tyqyq���  �d�±� �� T`�Att� (ak)k∈N �kt� :�§r`� - 4-1
∑

ak(x− c)k

.c A¡z�r� x ry�tm�� ¨� «w� Tlslst� Ymsu�
¨� TyFAF±� T§r\n�� ,«wq�� �®slst� ��d�tFA� ­AW`� T�� �y�m� Tyfyk�  µ� �qtn�

Ty�A��� Cwl§A� T§r\� ¨¡  �K�� �@¡
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­rtf�� Yl� ��rm�� �� ¨¶Ah� ¯  d� �AqtJ®� Tl�A� T�� f �kt� :T§r\� - 5-1

:  �� δ > 0 �y� ]c− δ, c + δ[

 �� limn→∞
∣∣∣ f (n+1)(θ)

(n+1)! (x− c)n+1
∣∣∣ = 0 : x, θ ∈]c − δ, c + δ[ �k�  A� �Ð�

«w� Tlslstm� ��m� f

f(x) =
∞∑

k=0

f (k)(c)

k!
(x− c)k

¨� �§Cwl�A� Tlslst� ¤� f T��dl� Cwl§A� Tlslst� Tlslstm�� £@¡ Yms�¤
.c = 0 T}A��� T�A���
.¹CAql� �¤rt� - A¡r�

:Tl��� - 6-1

f (k)(0) = 1  �� ¨�At�A�¤ k ∈ N �k� f (k)(x) = ex  � �¤r`m�� �� , f(x) = ex �kt� (1)
 � Am� ,k©±

lim
n→∞

∣∣∣∣
f (n+1)(θ)

(n + 1)!
xn+1

∣∣∣∣ = lim
n→∞

|x |n+1

(n + 1)!
= 0

:�§Cwl�A� Tlslst� ¨�At�A� �tn§

R 3 x �k� ex =
∞∑

k=0

1

k!
xk

f (k)(x) = cos(x+kπ/2) :�AqtKm�� 
As��hs�� �� , c = π �kt�¤ f(x) = cos x�kt� (2)
:¨�At�A�¤ ,k ∈ N �k�

f (k)(π) =

{
0 © r� n A�dn�
(−1)1+k/2 ¨�¤E n A�dn�

:Cwl§A� Tlslst� d��¤

R 3 x �k� cos x =
∞∑

k=0

(−1)k+1

(2k)!
(x− π)2k

T��dl� �§Cwl�A� �wkf� xCdnF :̈ qyq� x� ©�� �§d��� ��Ð �wkf� :�ybW� - 7-1
β = n ∈ N Ahy�  wk§ ¨t�� T}A��� T�A��� ¨� ,¨qyq� x� β ∈ R �y� f(x) = (1 + x)β

�§d��� ��@� ��wy� T�y} �� �wkfm�� 
As� �km§

(1 + x)n =
n∑

k=0

Cn
k xk
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 wk§ n > 0 ©± ¢�� ^�®� T�A`�� T�A��� ¨� �wkfm�� 
As��

f (n)(x) = β(β − 1) · · · (β − n + 1) (1 + x)β−n = O(n!)
∣∣ (1 + x)β−n

∣∣

 �� |x | , | θ | < 1  wk§ A�dn�¤ f (n)(0) = β(β − 1) · · · (β − n + 1)  �� ¨�At�A�¤

lim
n→∞

∣∣∣∣
f (n+1)(θ)

(n + 1)!
xn+1

∣∣∣∣ = lim
n→∞

∣∣∣∣
(1 + θ)β

(1 + θ)n+1x
n+1

∣∣∣∣ = 0

¨¡ �§Cwl�A� Tlslst�  wk� ¤
∞∑

k=0

β(β − 1) · · · (β − k + 1)

k!
xk

d�¥m�� �m� ?Ty�CAq� �§Cwl�A� ¤� Cwl§A� Tlslst�  wk� Yt� �r`�  � �km§ �¡
.«wq�� �®slst� 
CAq� xCdnF �@� .T§d�Ab� Tlslstm� Ahly�m� �km§ ¯ T��d��  �

k ∈ N d��  � �km§ x ©±  ± ,x 6= 0 ©± 
CAqt� ¯
∑

k 2k2

xk «wq�� Tlslst� :�A�� - 8-1

T��  Ð� Tlslstm�� £@¡ ��m� ¯ .2k2

xk > 1 6→ 0 �A`�� d���  wk§ ¨�At�A�¤ ,|x | >
1

2k
�y��

.{0} «wF ­rt� ©� Yl� T�r`�
:Ty�At�� T§r\n�� ¨� AhOy�l� �km§¤ T�whs�� Yhtn� ¨� «wq�� �®slst� 
CAq� TF�C 

�S� ,«w� Tlslst� ∑∞
k=0 ak (x − c)k �kt� :T§r\� - 9-1

r = lim supn→∞
n
√
| an |

x ©� dn� ¾AqlW� ¾A�CAq� 
CAqt� Ah��� x1 dn� Ty�CAq� Tlslstm�� 
�A� �Ð� (1)
.| x− c | < |x1 − c | �q�§

.c A¡z�r� dn� «wF 
CAqt� ¯ Tlslstm��  �� r = +∞  A� �Ð� (2)

«wq�� Tlslst�  wk�¤ R =

{
1/r r > 0,
+∞ r = 0.

�S� ,r < +∞  A� �Ð� (3)
©± T§d�Ab�¤ x ∈]c − R, c + R[ TWq� �� dn� AqlW� A�CAq� Ty�CAq�
­rtf��¤ ,Tlslstm�� 
CAq� rW� �O� Yms§ R .x ∈ R \ [c − R, c + R]

.Tlslstm�� 
CAq� ­rt� Yms� ]c−R, c + R[

- A¡r�

�q�� x �kt�¤ ,Ty�CAq�
∑∞

k=0 ak(x1 − c)k Tlslstm��  � �y�� x1 ∈ R �kt� (1)

(
∣∣ ak(x1 − c)k

∣∣)k∈N T`�Attm�� .ρ >
|x− c |
|x1 − c | �y��ρ < 1 @��� .|x− c | < | x1 − c |

75



∣∣ ak(x1 − c)k
∣∣ < (1− ρ)ε �y�� n0 d�w§ ¢��� ε > 0 AnyW�� �Ð� ¨�At�A�¤ , rfOl� �¤¥�

An§d� ,p ∈ N �ky� ¤ n > n0 �ky� ,k > n0 �k�
n+p∑

k=n

| ak | |x− c |k <

n+p∑

k=n

ρk | ak | | x1 − c |k < (1− ρ)ε

n+p∑

k=n

ρk < ε

∑
ak(x − c)k  �� ¨�At�A�¤

∑ ∣∣ ak(x− c)k
∣∣ Tlslstml� ¨Jw� ªrJ �q�� �@¡ 
b�§

.�lW� 
CAq� Ty�CAq�

,lim supk
k
√
| ak(x− c)k | > 1 A� �Ð� T§d�Ab�

∑
ak(x−c)k Tlslstm�� :¨�wn�� C@��� CAbt�� �� (2)

 A� �Ð� ©�
|x− c | lim sup

k

k
√
| ak | > 1

.x 6= c ©± �q�t§ ªrK�� �@¡  �� r = +∞ 
�A� �Ð��

.(¹CAql� �§rmt� �¤rt�) ��As�� ºz��A� Tq§rW�� Hfn� �tn§ (3)

Tlslstm�� 
CAq� �� �A�wl`� ©� Tq�As�� T§r\n�� AnyW`� ¯ r = +∞ T�A� ¨� :T\�®� - 10-1
.c−R, c + R �ytWqn�� dn�

 A� �Ð� ¢�� �Ab�� �hs�� �� :T\�®� - 11-1

lim
k→∞

∣∣∣∣
ak

ak+1

∣∣∣∣ = r ∈ R

.r = lim supn→∞
n
√
| an |  ��

:Ty�At�� ��CAb`�� �� �� �W� ¤� T�} xC � .Tl·F� 12.1
 ¤d� ­ry�� d�w� ¢��� ]x− c, x+ c[ ­rtf�� ¨� �y�r� �AqtJ®� Tl�A� f(x) T��d�� 
�A� �Ð� (1)

.f(x) = p(x) + O(|x− c |3) �y�� p(x) Ty�A��� T�Cd�� ��
­ry�� d�w� ¢��� ]x− c, x + c[ ­rtf�� ¨� ��r� �®� �AqtJ®� Tl�A� f(x) T��d�� 
�A� �Ð� (2)

.f(x) = p(x) + O(|x− c |3) �y�� p(x) Ty�A��� T�Cd�� ��  ¤d�
 �� ]c− r, c + r[ ­rtf�� ¨� ��rm�� �� ¨¶Ah�¯  d� �AqtJ®� Tl�A� f(x) T��d�� 
�A� �Ð� (3)

f(x) =
∞∑

k=0

f (k)(c)
k!

(x− c)k

.x1 dn� ¾AqlW� ¾A�CAq� 
CAqt� Ah��� x1 dn� Ty�CAq� ∑
akx

k «wq�� Tlslst� 
�A� �Ð� (4)

�q�§ x �k� T§d�Ab�  wk� Ah��� x1 dn� Ty�CAq� ∑
akx

k «wq�� Tlslst� 
�A� �Ð� (5)
.|x | > |x1 |

.|x | ≤ |x1 | �q�§ x �k� 
CAqt� Ah��� x1 dn� Ty�CAq� ∑
akx

k «wq�� Tlslst� 
�A� �Ð� (6)

.|x | < |x1 | �q�§ x �k� 
CAqt� Ah��� x1 dn� Ty�CAq� ∑
akx

k «wq�� Tlslst� 
�A� �Ð� (7)

.�§CAm� 13.1

Ty�µ� «wq�� �®slst� 
CAq� xC � (1)
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,∑ 1
k2

xk (�)

,∑ 1
2k

xk (
)

,∑ 1
k2

xk2 (�)

,∑ 1
kk

xk ( )

,∑ 1
kk

x5k (£)

,∑ 1
kk

xkk (¤)

,∑ sink

k
x2k (E)

.∑ 1
ln ln k

xk (�)

Ty�µ� ��¤d�� �� �k� Cwl§A� Tlslst� d�¤� (2)

,c = 0 ,f(x) = sinx (�)
,c = 0 ,f(x) = 3x5 + 2x3 + x2 − x + 4 (
)

,c = 0 ,f(x) = ln(1 + x) (�)

,c = 0 ,f(x) =
1

1 + x
( )

,c = 0 ,f(x) =
1

1 + 3x
(£)

,c = 1 ,f(x) =
1

1 + 3(x− 1)
(¤)

,c = 0 ,f(x) =
1

1− x2
(E)
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